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A method is presented to integrate the design space for structural/control system optimization problems in the
case of linear state feedback control. Nonstructural lumped masses and control system design variables as well
as structural sizing variables are all treated equally as independent design variables in the optimization process.
Structural and control design variable linking schemes are used in order to avoid a prohibitively large increase
in the total number of independent design variables. When actuator masses are treated as nonstructural lumped
mass design variables, special consideration is given to the relation between the transient peak responses and the
required actuator masses that is formulated as a behavior constraint form. A method to prevent instability of
uncontrolled higher modes by modifying the feedback gain matrix without information about higher modes is also
presented. The original nonlinear mathematical programming problem based on a finite element formulation and
linear state feedback is replaced by a sequence of explicit approximate problems exploiting various approximation
concepts such as design variable Unkings, temporary constraint deletion, and first-order Taylor series expansion
of nonlinear behavior constraints in terms of intermediate design variables. Examples which involve a variety
of dynamic behavior constraints (including constraints on closed-loop eigenvalues, peak transient displacements,
peak actuator forces, and relations between the peak responses and the actuator masses) are effectively solved by
using the method presented.

Introduction

IN the context of structural/control system optimization problems
it is usually assumed that the mass of the control actuators are as-

signed to be fixed during the entire design process.1"7 In Refs. 8-10,
the design objectives to be minimized include the structural masses
and the equivalent masses for the controller which are assumed to be
a simple analytical function of the control effort or the peak actuator
torque. Reference 9 treats structural sizing variables and damping
factors as design variables, and actuator masses are approximated
according to the assumed relation between the control effort and
the actuator mass. In Ref. 10, it is assumed that actuator masses
are fixed during one cycle of optimization, and they are updated
after finding transient peak control torque values of the new design
according to the functional or empirical relations between the max-
imum peak control torques and the required actuator mass. But in
these references, actuator masses are not considered as independent
design variables in the optimization process.

The main purpose of this study is to include the actuator masses in
a set of independent design variables while satisfying a certain rela-
tion between the transient peak responses and the required actuator
masses (actuator mass constraints). This is done by expressing the
peak control forces in a closed-form solution, which can be treated
as behavior constraints in the optimization cycle, and by exploiting
the control design variable linking schemes introduced in Refs. 1
and 2. A simple method to resolve the spillover effects by modifying
the feedback gain matrix without information about higher modes
is also presented.

Problem Statements
The simultaneous structural/control optimization problem is

formulated as a general nonlinear inequality constrained mathemat-
ical programming problem as follows:
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find Y to minimize F(Y)
subject to Gj(Y) < 0, j = 1, . . . NCON

with bounds F,L < Y{ <Y?, / = ! , . . . , NDV
(1)

where NDV is the total number of design variables, Y —
[Y\, ¥ 2 , . . . , ^NDv]r is an NDV x 1 design variable vector, F is a
scalar objective function, G;- is the j'th behavior constraint, NCON
is total number of behavior constraints, and Yf

L and Y? are side con-
straints on the /th design variable, respectively.

Nonstructural lumped mass variables representing variable ac-
tuator masses are included independently in the design variable
vector Y in addition to the structural sizing variables and control
design variables. The mass of the actuators is included in the mass
matrix of the system and, therefore, their influence in the system
modes is captured. The total mass of the system (structural mass
plus nonstructural mass) has been chosen as the objective function
with constraints on 1) dynamic stability (real parts of closed-loop
eigenvalues), 2) damped frequencies (imaginary parts of closed-loop
eigenvalues), 3) peak transient responses, 4) peak transient control
forces, and 5) required actuator masses, included in this study.

Structural/Control System Description
The second-order equations of motion based on the finite element

method are

[M]{q] + [C]{q] + [K]{q] = [b]{u] + (2)

where {q} is an N x 1 vector of nodal degrees of freedom (DOF); {q}
and {q} are first and second time derivatives of {q}\ [M], [K], and
[C] are N x N mass, stiffness, and damping matrices, respectively;
{u} is an M x 1 actuator force vector, M is the number of actuators;
{/} is an L x 1 vector of external disturbances; L is the number
of external disturbances making up a single load condition; and [b]
and [e] are N x M and N x L coefficient matrices consisting of the
directional cosines which relate actuator and disturbance forces to
the nodal DOFs, respectively.
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It is assumed that the preassigned damping inherent to the struc-
ture can be represented by a proportional damping matrix, which is
a linear combination of the system mass and stiffness matrices, i.e.,

Equation (2) can be transformed into the first-order state-space
equation as follows:

+ [B]{u] + [£]{/} (4)

where

[q}T\

[A,,] =
[0] [/]

[*] =

The control input vector {u} is to be determined under the as-
sumption that all of the states (components of {x}) are available,
that is,

= -[#]{*} = -(Hp]{q} - [Hv]{q} (5)

where [H] is the M x 2N feedback gain matrix, and [Hp] and [Hv]
are the M x N position and velocity parts of [//], respectively. The
closed-loop state equation becomes

(6)
where the closed-loop system matrix [A] is

[A] = [A()] - [B][H]

The feedback gain matrix [H] is expressed as a linear combina-
tion of the basis matrices as follows2:

(7)

where [//°](/) is the /th M x 2N basis matrix calculated by the /th
2x2 Riccati equation, r the number of modes considered, and a/ the
corresponding coefficient which is used as the independent design
variable during the optimization cycle (see Ref. 2).

Actuator Mass Constraints
The actuators, located at specified structural nodes, can be sized

so that they produce control forces or torques required to suppress
the vibration. In Refs. 8-10, actuator masses are assumed to have
a simple functional relationship with the control effort or the peak
actuator torque. In this study a relationship between the peak control
forces and the required actuator masses is assumed as follows:

mA > 0 < t < rmax (8)

where mA is the mass of the actuator, rmax is the time interval of
interest, and c\ and c2 are constants relating the peak control forces
and required actuator masses.

Assuming that the external disturbance {/(O) can be expressed in
terms of a truncated Fourier series and polynomials over a specified
period of time, Eq. (6) can be integrated with respect to time in
closed form and form Eq. (5) transient control forces can also be
calculated in closed form (see Ref. 1).

Time-dependent actuator mass constraints in Eq. (8) can now be
replaced with a finite number of peak time constraints by first finding
the corresponding peak times of the control forces using the adaptive
one dimensional search method described in Ref. 11, namely,

mA > j = 1,...,NPEAK (9)

where r* is the yth peak time of control forces or torques and
N PEAK is the number of control force peak times. Equation (9)
can be normalized such that

mA
j = I , . . . , N PEAK (10)

The sensitivity of the actuator mass constraint with respect to an
arbitrary design variable a is obtained by differentiating Eq. (10),

mA

mA da

--da \mA

mA

'-(-3a \mA
(11)

InEq. (11), 3 u(t*)/da is the sensitivity of the peak control forces,
and d/da(l /mA) is nonzero only when a is the corresponding ac-
tuator mass variable.

Spillover Effect
In this section, the existence of spillover effect (see Ref. 12) of

the formulation used in this study is investigated. Consider Eq. (2)
without external disturbance force {/} and Eq. (5) again:

(12)

(13)= -[Hp]{q}-[Hv][q}

The nodal degree of freedom vector {q} can be written without
any truncation as follows [compare with Eq. (16) of Ref. 1]:

(14)

where (zc) is the r x 1 controlled normal coordinate vector, [ Vy is
the N x r eigenmatrix consisting of the controlled r normal eigen-
vectors, {zu} is the (N — r) x 1 uncontrolled normal coordinate
vector, and [Vjj] is the N x (N — r) eigenmatrix corresponding to
uncontrolled modes {zj/}.

Eigenmatrices [ Vc\ and [ Vjy] in Eq. (14) are normalized such that

[VC]T(M][VC] = [I]

and

- [/]

[VC]T[M][VV] = [0]

[VC]T[K][VC] = [Ac]

(15)

(16)

= [Cv]

Substituting Eq. (14) into Eq. (12), premultiplying by [VC]T and
[ Vjj ] T , and using the orthogonality properties results in the equations
for controlled and uncontrolled modes, i.e.,

lie} + [Cc]{zc} +

Izu} + [Cu]{zu] +

= lVc]T(b]{u} (17)

On the right-hand side of Eq. (18),
there exists control spillover.

Substituting Eq. (14) into Eq. (13) leads to

{u} = -([Hp][Vc]{zc} + [Hv][Vc]{zc})

= [Vu]T[b]{u) (18)
r[fc] / [0], which means

(19)
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On the right-hand side of Eq. (19), those matrices in front of the
uncontrolled modes are not zero (i.e., [Hp][Vu] ^ [0], [//u][Vi/] ̂
[0]) which can be interpreted as observation spillover.

As can be seen from Eqs.(l 8) and (19), there exist both control and
observation spillover. According to Ref. 12, the closed-loop system
has potential instability when the system has both observation and
control spillover, and it is more important to eliminate observation
spillover in order to prevent instability. Therefore, the desired control
input {u*} should contain only controlled modes {zc}, namely,

{«*} = -IHP][VC]{ZC} ~ lHv][Vc]{zc} (20)

Premultiplying [ Vc]r[M] to Eq. (14) and using relations in Eq. (15)
results in

(Zc) = [Vc]T[M](q}

Substituting Eq. (21) into Eq. (20) gives

{«*} = -[Hp][Vc][Vcf(M]{q] - (Hv}[Vc][Vc}T(M]{q}

(21)

where

and

= [HP][VC][VC]T[M]

[#„*] = (HV](VC]IVC]T(M]

(22)

(23)

(24)

In summary, destabilization of uncontrolled higher modes can be
prevented by using the truncated feedback gain matrices just shown
since these matrices are orthogonal to the uncontrolled higher modes
[Vu] and will eliminate observation spillover.

Optimization
Various approximation concepts, such as structural and control

design variable linking, temporary constraint deletion, and interme-
diate design variables,13'14 are used to replace the original design
optimization problem by a series of explicit approximate problems.
Linear, reciprocal, or hybrid approximations (see Ref. 15) can be
generated with respect to either direct or intermediate design vari-
ables, even though the approximate design optimization problems
are always solved in an integrated design space that spans the inde-
pendent structural sizing variables, actuator mass variables, and the
participation coefficients of the linked control gains. Each approxi-
mate optimization problem has its own lower and upper bounds on
the design variables. These bounds are determined by the move lim-
its to protect the quality of the approximations or by the original side
constraints [see Eq. (1)], whichever is most restrictive. For frame el-
ements it is known that the section properties A, ly, Iz, and / are a
good choice for intermediate design variables. This follows from
the fact that the elements of the stiffness and the mass matrices are
linear functions of these section properties. Control design variables
oil are used directly in the generation of the approximate problem
because the system matrices are linear functions of the gains.

With the information acquired from the analysis and sensitiv-
ity analysis phase each approximate optimization problem can be
formulated as follows:

find Y to minimize F[X(Y)]

subject to Gj[X(Y)] < 0, j e QR (25)

with bounds F,L < F/ < F/7, i = 1 , . . . , NDV

where ND V is the total number of design variables, F is a vector of
design variables (NDV xl), X(Y) is a vector of intermediate design
variables, F(-) is an approximate objective function, Gj (•) is the ;th
approximate constraint, Yf

L and F/7 are lower and upper bounds for
the zth design variable (during solution of the current approximate
optimization problem), and QR is the retained set of constraints for
the current approximate problem. For all of the numerical examples
presented in this paper, the following approximation options are

employed. Linear approximation of F(-) is used with respect to in-
termediate structural design variables (A, ly, Iz, J) which is exact
when the mass is minimized. When generating the approximate con-
straint functions G/(0 linear approximation is chosen with respect
to control design variables and actuator mass variables whereas the
hybrid approximation is used with respect to structural intermediate
design variables.

Numerical Results
The control augmented structural optimization solution method

described previously has been implemented on the IBM ES/9000
Model 900 supercomputer at University of California, Los Angeles.
CONMIN16 is used as the optimizer, and it is conservatively as-
sumed that the passive damping is zero \CM = CK — 0, see Eq. (3)].
The convergence criterion used in these examples is that the rel-
ative change in the objective function values between two sets of
consecutive design iterations should be less than 0.1%.

The example problem chosen is an antenna structure drawn from
Ref. 2 consisting of eight aluminium beams (E = 7.3 x 106 N/cm2,
p = 2.77 x 10~3 kg/cm3, i; = 0.325) that have thin-walled hollow
box beam cross sections (see Fig. 1). This structure is constrained to
move vertically (F direction) only, so each nodal point has 3 degrees
of freedom (translation, bending, and torsion) resulting in the total 1 8
degrees of freedom (N = 18). Four translational actuators (actuator
1-4) with initial weight of 4 kg each are attached to nodes 3,5,6, and
7 (with side constraints 0.1 kg < mA < 100 kg). These actuators are
oriented so that the force they generate acts in the vertical direction
(degrees of freedom 4, 10, 13, and 16). Two ramp type transient loads
are applied to the node 3 at the same time. One is a vertical force
[/i (01 and the other is a torsional moment [/2(OJ with respect to
finite elements 1 and 2 which gives antisymmetric excitation. These
loads are given as follows:

/i (0 = 333.3f N, /2(r) = i (ON -cm

for 0 < t < 0.3 s, and /i(r) = /2(p = 0 for t > 0.3 s (see
Fig. 1). Transient responses are considered for the time interval
0 < t < 2 s, and 20 out of 36 complex modes are used to calculate
the peak response values.

Flange and web thicknesses are constrained to be the same, so
there are three structural design variables for each finite element
(B, H, and T = T2 — T3). Structural linking is used to make
the structure remain symmetric with respect to the XY plane, and
also masses of the actuator number 2 and 4 are linked to be the same
which results in the 15 independent structural design variables and 3
independent lumped mass variables. The initial structure is uniform
(B = H = 20.0 cm, T — 0.5 cm), and the side constraints are
10.0 cm < B, H < 25.0 cm, and 0.1 cm < T < 1.0 cm.

N (f2(t)= fjCOxlO N-cm)

100

0 0.3 2.0 B
Time (sec)

External Load Box Beam Cross Section

Fig. 1 Antenna structure.
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Move limits of 30% are used for all kinds of design variables.
The design objective is to minimize the total mass of the system
including both the structural masses and the nonstructural actuator
masses. Behavior constraints are imposed on (see Refs. 1,2, and 17)
1) the real part of all the retained complex modes (a/ < -0.5), 2)
the fourth and fifth damped frequencies (o}d4 < 8.0 Hz, cod5 < 9.25
Hz), 3) the peak displacement of nodes 2,4,5, and 7 [qf(t) < 1.0cm,
i = 1,7, 10, and 16], 4) the peak actuator force [w;-(0 < 8.5 N,
j = 1, 2, 3, and 4], and 5) actuator mass constraints which will be
explained in detail later on. For each approximate problem, all of
the eigenvalue constraints are retained, but the transient constraints
are retained in QR only when the response ratio (response value
divided by the allowable response value) is greater than 0.3.

Initial feedback gains are computed by solving 10 sets of 2 x 2
Riccati equations (r = 10) with the control weighting coefficients
Yi = 1/400 and the state weighting matrices [g/] = diag(&>2, 1),
i = l , . . . , r (see Ref. 1). All 10 participation coefficients a, in
Eq. (7) are used as independent control system design variables.

As a reference solution, the coefficients in Eq. (9) are chosen such
thatci = 4 kg/8.5 N = 0.0047 s2/cm and c2 = 1, which is similar to
case 10 of Ref. 2 where actuator masses are fixed to be 4 kg and the
peak actuator forces are constrained to be less than 8.5 N. Iteration
histories, final cross-sectional dimensions, and final actuator masses
of the reference run are compared with those of case 10 of Ref. 2
(see Tables 1 and 2). As expected, these two runs are quite similar
with each other in the iteration histories and final designs except the

actuator masses. The major change on the actuator masses occurs
for actuator number 1 of which optimal mass is 2.7 kg, whereas
the major changes on the cross-sectional dimensions are on B of
elements 3, 4, 7, and 8, but the final optimal weight is similar to (in
fact, slightly smaller than) that of Ref. 2 (i.e., compare 170.92 and
170.17 kg), which is expected since the parameters c\ and c2 are
chosen to match the conditions of case 10 in Ref. 2. This result can
be interpreted as that the optimization process puts smaller mass for
actuator number 1 since the peak actuator force of actuator number 1
is smaller than those of the other actuators, and redistributes weight
on elements 3, 4, 7, and 8.

The main importance of using Eq. (8) to relate the actuator masses
and the maximum output forces is that it enables more flexibility in
the design space, since it allows the designer to choose the actua-
tor (mass and output force) after the optimization process and not
before, as in the case of fixed actuator masses.

The influence of the coefficient c\ is investigated with the expo-
nent in Eq. (9) set to be unity (c2 = 1). The value of c\ is varied from
0.001 s2/cm to 0.01 s2/cm. The final optimal masses are given with
respect to different c\ values in Table 3 and graphically in Fig. 2.
As representative cases, iteration histories of c\ = 0.001, 0.0047,
and 0.01 s2/cm are shown in Fig. 3, and those final structural de-
signs and final actuator masses are given in Table 4. From Fig. 2
it is seen that the optimal mass is almost linear with respect to c\
(for fixed c2). This linear relation is quite reasonable since c\ de-
termines the maximum actuator mass for a given maximum output

Table 1 Iteration histories fixed and variable actuator masses

Analysis
number

1
2
3
4
5
6
7
8
9

10
11
12

Fixed actuator masses, Variable actuator masses,
A AA/IT ~2 /~ —— „ 1case 10 of Ref. 2 c\ u. WH- / b /^m, C2 i

502.14
469.10
350.45
268.09
215.51
181.84
173.50
171.19
171.02
170.96
170.92

Table

502.14
476.98
354.56
270.96
213.92
184.34
173.01
171.14
170.62
170.34
170.23
170.17

Table 3 Coeffic
final masses,

:ient c\ vs

ci . s2/cm Final mass, ks

0.001
0.002
0.003
0.004
0.0047
0.005
0.006
0.007
0.008
0.009
0.010

159.81
164.98
166.44
168.59
170.17
170.67
173.40
175.38
176.98
179.10
182.67

2 Final cross-sectional dimensions and actuator masses fixed and
variable actuator masses

Design
variables

Final cross-
sectional
dimensions,
cm

Final
actuator
masses, kg

Element/actuator
number

B
1 H

T

B
2 H

T
B

3,4 H
T

B
5,6 H

T

B
7,8 H

T

1

2 and 4
3

Fixed actuator masses,
case 10 of Ref. 2

25.00b

25.00b

0.1000a

25.00b

25.00b

0.1058
19.96
25.00b

0.1000a

25.00b

25.00b

0.2296

20.96
25.00b

0.1000a

4.0C

4.0C

4.0°

Variable actuator masses,
c\ = 0.0047 s2/cm, ci

25.00b

25.00b

0.1000a

25.00b

25.00b

0.1000a

18.26
25.00b

0.1000a

25.00b

25.00b

0.2330

22.80
25.00b

0.1000a

2.700

4.006
3.920

= 1

aLower bound values. bUpper bound values. cFixed masses.
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Table 4 Final cross-sectional dimensions and actuator masses
with different c\ (c2 = 1)

Table 6 Final cross-sectional dimensions and actuator masses
with different c2 (ci = 0.0047 s2/cm)

Design
variables

Final cross-
sectional
dimensions,
cm

Final
actuator
masses,
kg

Element/actuator
number

1

2

3,4

5,6

7,8

1

2 and 4
3

c\ = 0.001 s2/cm c\ = 0.01 s2/cm

B 25.00b

H 25.00b

T 0.1110
B 25.00b

H 25.00b

T 0.1000a

B 10.00a

H 24.45
T 0.1000a

5 25.00b

// 25.00b

T 0.2577
5 19.77
H 25.00b

7 0.1000a

0.7868

0.8526
0.8316

25.00b

25.00b

0.1000a

25.00b

25.00b

0.1584
25.00b

25.00b

0.1000a

25.00b

25.00b

0.1792
23.63
25.00b

0.1000a

4.9571

8.2506
8.1153

aLower bound values. bUpper bound values.

3
1
c
*

Table 5
masses

C2

0.700
0.750
0.800
0.850
0.875
0.900
0.925
0.950
0.975
1.000
.025
.050
.075

1.100
1.125
1.150
1.175
1.200

1 OC
1OJ I

180-

175-

170-

165 - ,*""

160 x'

Exponent c2 vs final
, ci = 0.0047 s2/cm

Final mass, kg

161.29
162.44
162.63
164.36
164.57
165.65
165.89
166.68
169.32
170.17
171.85
173.95
176.12
179.47
186.35
194.58
204.41
215.26

.X

X"""

,'*'

XX^.--

1JJ0 0.002 0.004 0.006 0.008 0.01
cl

Fig. 2 Coefficient c\ vs final masses.

force. Figure 3 shows that convergence is obtained in less than or
equal to 17 analyses for all three cases.

Next, the value c\ is fixed to be 0.0047 s2/cm and the exponent c^
values are varied between 0.7 and 1.2. Different c2 values and their
corresponding final optimal masses are given in Table 5 and Fig. 4.
Final designs for c2 = 0.7 and 1.2 are given in Table 6 and iteration
histories for c2 — 0.7, 1.0, and 1.2 are given in Fig. 5. Figure 4

Design Element/actuator
variables number

B
1 H

T
B

Final cross- 2 H
sectional T
dimensions, B
cm 3,4 H

T
B

5,6 H
T
B

7,8 H
T

Final 1
actuator
masses, 2 and 4
kg 3

a Lower bound values.

220

210

-a 20°
| 190

c
160

15C

Upper bound values.

n —
' ;\ i

H 1

• u \
H \

H ''%

; v _
-

5 ——————— 10 ———

C 2=0.7 c2 = 1.2

25.00b 25.00b

25.00b 25.00b

0.1045 0.1000a

25.00b 25.00b

25.00b 25.00b

0.1000a 0.1736
10.00a 25.00b

21.13 25.00b

0.1000a 0.1000a

25.00b 25.00b

25.00b 25.00b

0.2747 0.2297
18.06 24.12
25.00b 25.00b

0.1000a 0.1000a

0.5147 9.0437

0.5429 12.083
0.9340 12.218

..._ cl=0.01

c 1=0.0047

..... .....cl=0.00

15
Number of Analysis

Fig. 3

220

210

-SB 20°
$
| 190
•3

k 180

170

1(f

Iteration histories with different c\.

x*

.....x - x""

7 0.8 0.9 1

X

i
X

X
X*

1.1 1.2
c2

Fig. 4 Coefficient c2 vs final masses.

shows that the final mass increases as the coefficient c^ increases,
especially when c2 > 1. Also from Table 6, it is seen that the more
strict actuator mass constraints require larger actuators as well as
stiffer structural elements.

In the final run, the feedback gain matrix is modified in order to
prevent uncontrolled higher modes from being destabilized. This run
is the same as case 10 of Ref. 2 except that the feedback gain matrix
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Table 7 Iteration history with
modified feedback gain matrix

Analysis number

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15

Design mass, kg

502.14
469.10
350.41
268.57
214.43
181.03
172.36
170.64
171.37
171.25
170.89
170.85
170.72
170.71
170.69

Table 8 Comparison of final complex eigenvalues, A/ = &i +70^

Mode
number

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18

Case 10 of
Ref. 2

-2.73 ±.7 1.61
-1.86 ±y4.97
-0.683 ±./23.7
-0.519 ±750.1
-0.866 ± 7"64.7
-1.08 ±7 103
-0.933 ±7 184
-0.623 ±7 241
-2.50 ±7320
-2.25 ±7"324

0.977 ± 7"428
0.076 ±7'619
0.183 ±7637
0.203 ±768!
0.121 ±71015
0.121 ±71128
0.504 ±7 1268
0.339 ±7 1375

Modified feedback
gain matrix

-2.77 ± 7 1.56
-1.20 ±75.04
-0.739 ±7'23.6
-0.528 ±750.1
-0.906 ±763.2
-1.34 ±7"102
-0.507 ±7 184
-0.514 ±7238
-2.98 ±7320
-1.72 ±7'324

0.1 10 x 10~3± 7'427
-0.462 x 10-3±7'618
-0.387 x 10~3±7626

0.395 x 10-3±7'681
0.438 x 10-3±7'1000

-0.670 x 10-3±7'1121
0.287 x 10-3±7'1286
0.971 x 10~3± 71378

300

280

260

240

220

200

180

160

c2=1.0
c2=0.7

5 10
Number of Analysis

15

Fig. 5 Iteration histories with different c^.

is modified according to Eqs. (22-24). Iteration history is given
in Table 7 and the final closed-loop eigenvalues are compared with
those of case 10 of Ref. 2 in Table 8. Most of the uncontrolled higher
closed-loop eigenvalues (modes 11-18) of case 10 from Ref. 2 are
slightly unstable, but with the modified feedback gain matrix real
parts of the uncontrolled higher modes are very near zero so that
these modes are marginally stable, i.e., by modifying the feedback
gains, spillover effects are eliminated.

Conclusion
In Refs. 1 and 2, both structural and control system variables are

treated as strictly independent design variables in the case of linear
state feedback control via an adaptation of the design variable link-
ing idea to the control system design variables. In the current study,
actuator masses are also modeled as lumped nonstructural mass vari-
ables and treated as independent design variables in optimization by
formulating actuator mass constraints in explicit form.

Numerical results generated by using the method presented here
show the possibility of the design space integration including control
system design variables, actuator masses as well as the conventional
sizing variables.

The effect of choosing the coefficients c\ and c2 in actuator
mass constraint formulation with the final optimal masses is shown
graphically. It can be easily seen that the relation between c\ and
final masses is approximately linear and that as c^ increases the
optimal masses become larger exponentially. Also, a method to
prevent instability of uncontrolled higher modes is introduced by
modifying the feedback gain matrix without information about
higher modes, which proved to be efficient for the example problem
presented.
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